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Lα(x,Du(x));u(x) − ψ(x)} = 0, x ∈ RN , 7 8
»	c©g{wg
Lα(x,Du(x)) = Lα(x, u(x), Du(x), D2u(x)),
Lα(x, t, p,X) = − tr[aα(x)X ] − bα(x)p+ cα(x)t− fα(x).
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a, b, c, f
±
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min{S(h, x, uh(x), uh);uh(x) − ψ(x)} = 0, x ∈ R
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Lα(x,Du(x)) = 0, x ∈ RN , 7 4-8
Ox©Zu}cegswcegfhg
S(h, x, uh(x), uh) = 0, x ∈ R
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min{max{Lαi(x,Dvi(x)); vi(x) − min
j 6=i




i ∈ I = {1, . . . ,M}
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Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}}; v
ε
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7 ;18 min{1, λ} > supα{[σα]1 + [bα]1} ±
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ϕ ∈ C2(RN )
	  B 
u− ϕ
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¸;x©sQ|tg?{kuwcegs}ceg?fhg 7 -8!º»	|­u}c h > 0 x S : R+ × RN × R × Cb(RN ) → R ± ¥ ghfÃOguwcegª«O¯¨¯¨»	|­xehOsws}yefhtu}|¨Ox©sA<














7 oe18,	g;ye¯{w|³uvq2<Âª«O{H¯¨¯ h > 0 x φ ∈ Cb(RN ) º x 7→ S(h, x, φ(x), φ) |sZSOy©x©tg? x©;x;uw|­xrye;y©sA9
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x ∈ RN .
jkx©tg?{H;s}s}yefhtuw|­;x©s 7 o\8,Ox© 7 oe-8!º»¸g"c©M¾OgÂu}c©g"g¬t|¨sQu}g?x©g"ªh Ofh©{w|sQ;x e{w|­x©|­©¯­gÂª«O{SOy©x©tg?HOx=u}|¨xryeOy©s#s}O¯¨ytu}|¨Oxs#ª 7 18
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min(A,B) − min(C,D) ≥ min(A −
C,B −D)
ºeOgu
0 ≥ min{S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh);uh(xn) − vh(xn)}.
ot|­x©g
uh(xn) − vh(xn) = δn > 0
ºt=qZy©sQ|¨xe 7 o8!º©»¸gc©M¾;g
0 ≥ S(h, xn, uh(xn), uh) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) + δn, vh +m) − S(h, xn, vh(xn), vh)
≥ S(h, xn, vh(xn) +m, vh +m) + ω(m− δn) − S(h, xn, vh(xn), vh)













































|g(x) − gε(x)| ≤ ε[g]1. 7 ?-8
°Tª
g ∈ Cnb (R


















; vi(x) − ψ(x)
}
= 0, 7 M18
ª«;{
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s}»	|³uce|­x©hs}qtsvuwgfOªuwcegª«O{wf3<
Fi(x, v,Dvi, D
2vi) = 0, i = 1, . . . ,M, 7 A4(8
»	c©g{wg
Fi : R
N × RM × RN × SN → R
±
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v = (v1, . . . , vM ) ∈ C(R
N )M
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Fi(x, v(x), Dϕ(x), D
2ϕ(x)) ≤ 0,





ϕ ∈ C2(RN )
	  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vi − ϕ
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ºmOx©uwcegx u}ceg®g¬t|svuwgx©gÅOª%)y©xe|¨~=yeg¾r|s};s}|³uvq§s}O¯¨ytuw|­;x,Oª 7 918¸|¨x Cb,l(RN )M ºetgxeOu}g9 v = (v1, . . . , vM ) ±¥ gg?{Quwye{w,uwcegs}qrsQu}g?f 7 M18+x,©ye|­¯,u}cegª«;¯­¯¨»	|¨xe Oyt¬t|­¯¨|{wq§sQqtsQu}gf
min{max( sup
|e|≤ε
Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}); v
ε
i (x) − ψ(x)} = 0. 7  8
1gfhf O)©e¯­|¨g?u} 7  8!ºk|¨fhe¯¨|­g9s§uwcegÂg¬t|¨sQu}g?x©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|vi − v
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º+egÏ©xeg9 ;sh|­x 7 (-8!± ot|­x©g vεi |s1|­s}ce|­u}¿ª«y©x©!uw|­;xºeyexe|­ª«O{wfh¯­qZ»± {9± u
ε > 0
sQy :|­g?x=u}¯¨q,s}fhO¯­¯Aº 7 9-8¸|¨f ©¯­|¨g?s
|vεi (x) − viε(x)| ≤ max
i






ε ↓ 0 7 u}ce|s{wOyefhgx=uk»	|¨¯¨¯Sg'y©s}g?s}g¾;g{¯Su}|¨fhg?s#|¨xu}ceg©Og?{8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swuw|¨sQª«q 7  ) 8± ¥ gc©M¾;gu}he{w¾Ogmu}c©u?ºtª«;{	¯¨O{};gmg?xeOye;c C º
min{sup
α
Lα(x,D(viε(x) −R); viε(x) −R − ψ(x)} ≤ 0, ∀ x ∈ R











viε(x) −R ≤ ψ(x), ∀ i ∈ I, 7  (;-8
sup
α
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¬t|svus
y ∈ B(x̃, 2ε)
s}y©c u}c©u
Iε(y) 6= ∅

































vεi (xε) − min
j 6=i
{vεj (xε) + k}
}















vεi (y) ≤ ψ(y) + ([ψ]1 + max
i
[vεi ]1)ε. 7 ;18
kuwceg{w»	|sQg;º=»	|­u}c 7 t?$8!ºt»+gc©M¾Og




i0(xε) + k ≤ 2maxi
[vεi ]1ε+ v
ε
i0(y) + k. 7
14-8
ot|­x©gg|­u}ceg?{ 7 ;18¸O{ 7 4-8¸ce;¯¨©sºt»+gtg?ty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vεi (x̃) ≤ ψ(x̃) + k + Cε,
ª«O{kO¯­¯
i ∈ I
± ;©e¯­qr|¨xe 7  & 8ºeOtu|¨x viε(x̃) ≤ ψ(x̃) +R ºª«;{¯¨¯
i ∈ I
ºe»	ce|cH|­fhe¯¨|¨g?s 7 9-8±
 ;o ! ¶ <+¹©O{mO¯­¯




e ∈ B(0, ε)
º
(vε1(· − e), . . . , v
ε








= 0, x ∈ B(x̃, ε). 7 O-8
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ϕ ∈ C2(RN )
gsQyc¦u}c©u












xe1 − e1 ∈ B(x̃, 2ε)
º5»+gZc©M¾;g§u}cu









Lαi(xe1 − e1 + e, v
ε
i (xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 ));
vεi (xe1 − e1) − min
j 6=i









i (xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≤ 0,
vεi (xe1 − e1) − min
j 6=i
{vεj (xe1 − e1) + k} ≤ 0.
b#c©|¨s%g?|­x©Åuw{}yegZª«O{hx)O{}©|³uw{wO{}q






(vε1(· − e), . . . , v
ε
M (· − e))
|sH¾r|s};s}|³uvqÅs}yet´·s}O¯¨ytu}|¨Ox®ª 7 ;18±>;kee¯¨q=|¨xeÁÄ¨º¯­g?fhfh ;± 4Fx©¯¨gfhfÂe± ) ÆAº7s}|­xg viε(·) |s'¯¨|­fh|­u Oªk;x=¾;g¬®Of%e|¨x©uw|­;xÁª vεi (· − e) º<ª«;{ e ∈ B(0, ε) º<u}ceg?x
(v1ε(·), . . . , vMε(·))
|¨s	¾r|s};s}|³uvqsQyee´Ts}O¯¨ytu}|¨OxOª 7 O-8!±lFO{wg¾;g{9º?s}|­x©g5|­u|ss}fhru}cª«y©x©!uw|­;xº|­u|s	 s}yet´·s}O¯¨ytu}|¨Oxª 7 ;18¸|­xuwceg¯OswsQ|O¯sQg?x©sQg;ºex©,»+gcM¾Og








|vεi (y) − v
ε
j (y)| ≤ k
ª«O{O¯­¯
i, j ∈ I
Ox©
















, ∀ i, j ∈ I.























±mb#c©g{wgª«O{wg 7 9-8O¯¨s} ceO¯es#|¨x,uwce|s;sQg;±
2






0 ≤ vi − u ≤ Ck
















|¨s C¾r|s};s}|³uvq®sQy©t´Ts}O¯¨ytuw|­;xÁª 7 918±1gu





N ± or|¨x©g u |sZ¾r|s};s}|³uvqs}yet´·s}O¯¨ytu}|¨OxÂª 7 8ºg|­u}ceg?{ u(x0) ≤ ψ(x0) º1O{ supα Lα(x0, u(x0), Dϕ(x0), D2ϕ(x0)) ≤ 0 ± °Tªuwceg¯uQuwg{	ce;¯¨©sºruwcegx
Lαi(x0, u(x0), Dϕ(x0), D














≤ 0, ∀ i ∈ I.
b#c©g{wgª«O{wg
w
|sæ¾r|¨sw=sQ|­uvq's}yet´·sQ;¯­yeu}|¨Oxhª 7 M18±¶+q%u}cegkOfh©O{}|sQ;x%©{}|¨x©|¨e¯¨g 7 ¯¨gfhf'O-8!ºOu}cegÏ{wsQu	|­xeg9~=y©¯¨|³uvqZª 7  ) 8¸ceO¯es?±'8 ¥ g,xe» e{}¾;g u}cegsQg9OxÂ|¨xeg9~;y¯¨|³uvq"|­x 7  ) 8!±F¶+qÂ¯¨gfhf ) x®e{};=sQ|­u}|¨OxÁeº»+g§c©M¾;guwc©u







s}u}|svÏ©g9s 7  ) 8!± ;©e¯­qr|¨xe 7  & 8¸x© 7 9-8!º;tuwO|­x
vi − u ≤ |vi − v
ε
i | + |v
ε
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Lα(x+ e,Duε(x));uε(x) − ψ(x)
}
= 0, x ∈ RN . 7 -8






















ºOtgÏ©xeg? Os|¨x 7 (-8!±7or|¨x©g uε |s< 1|­©swce|­u}¿+ª«yex©u}|¨OxºOyexe|­ª«O{wf ¯¨q»± {9± u
ε > 0
sQy :§|­g?x;uw¯­q,sQf¯¨¯Aº 7 9-8¸|­fhe¯¨|¨g?s
|uε(x) − uε(x)| ≤ [u
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*# %! 	 %%
h > 0
 "  .
u− uh ≤ Ch















KC*#(&>1#"#2 # *  
' ¡ ÌÌ ¥ g¯|¨fuwc©u
min{S(h, x, uε(x) −R1, uε −R1);uε(x) −R1 − ψ(x)} ≤ 0, ∀ x ∈ R

















uε(x) − Cε ≤ ψ(x), 7 4;O-8
S(h, x, uε(x) −KCλ
−1Q(uε), uε −KCλ










 ;o ! ; <Fb#ceg?{}gHg¬t|svus















7 4;O-8¸uSO|¨x;u x = x̃ ±
 ;o ! ¶ <mx©g'c©;s
X(uε) ∩ B(x̃, 2ε) = ∅
± ¥ g ¯|¨f u}c©u
uε(· − e)
|sºª«O{¯¨¯





Lα(x,Dw(x)) = 0, x ∈ B(x̃, ε). 7 414-8
¹|­¬
e1 ∈ B(x̃, ε)
º\x©C¯­gu
ϕ ∈ C2(RN )
Sg%s}y©cFu}cu
uε(· − e1) − ϕ(·)
c©Os¯¨r?¯fh¬t|­f%yef
u,SO|¨x=u
xe1 ∈ B(x̃, ε)
±hb#c©gx




xe1 − e1 ∈ B(x̃, 2ε)
ºeOx©cegx©gOº







Lα(xe1 − e1 + e, u
ε(xe1 − e1), Dϕ(xe1 ), D







ε(xe1 − e1), Dϕ(xe1 ), D
2ϕ(xe1 )) ≤ 0.
b#c©|¨s©{}¾;g?s%Oye{Z¯¨O|­f u}c©u
uε(· − e1)













Lα(x̃,Duε(x̃)) ≤ 0. 7 4O(8
¶+qOxsQ|svuwgx©qOº
S(h, x̃, uε(x̃), uε) ≤ KCQ(uε).
;e©¯­qr|¨xe 7 o8S»	|­u}c u = v = uε−KCλ−1Q(uε) º





ºOtu|¨x 7 4;'8muSO|¨x=u x = x̃ ±h¸;f'e|¨xt´|¨xe®;sQg9s ; Ox©)¶»¸gHOeuw|¨x 7 4e8!±or uε − R1 |s"sQyee´Ts}O¯¨ytu}|¨Ox ª 7 18±_¶+q¦uwceg;{}g?f ©º
uε −R1 ≤ uh
ºt|â± gO±¨º














ºx© 7 O8!º\Otu|¨x Q(uε) ≤ C∑i∈J ε1−ihki ±b#ceg%{wg?s}ye¯­ukª«;¯­¯¨»srqs}gu}u}|¨xe





      
u − uh
¥ gSg{}u}ye{wZuwcegs}»	|³uce|­x©hs}qtsvuwgf 7 9-8+Os+ª«O¯¨¯¨»s
min{max( inf
|e|≤ε
Lαi(x+ e,Dvεi (x)); v
ε
i (x) − min
j 6=i
{vεj (x) + k}); v
ε























º+egÏ©xeg9 ;s |­x 7 ( 8!±ot|­x©g
vε
|s1|­s}ce|­u}¿ ª«yex!u}|¨Ox1ºyexe|­ª«O{wf ¯¨qC»± {?± u?±
ε > 0
s}y :§|¨gx=u}¯¨qÅs}f¯¨¯âº©e¯­qr|¨xe¯­g?f f
7 t8¸Ox© 7 ?(8+»¸gc©M¾;g
|vi − v
ε
i | ≤ Cε, |v
ε
i − viε| ≤ max
i
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x0 ∈ R




−1k. 7 4 ) 8
2
#  
%% 0" # & 	* *#	 % 
vεi0(y) < v
ε





y ∈ B(x0, 2ε), 7 4;-8
sup
α
Lα(x0,Dvi0ε(x0)) ≥ 0. 7 4 (-8
' ¡ ÌÌ ¥ gª«O¯¨¯¨» u}c©gf gu}cetª 7 ÄÙtº 1gfhf 4e± ÆB8!±(8 guys#e{}¾;g 7 4O(8!±æor|¨x©g i0 ∈ argminj∈I vjε(x0) º
vi0ε(x0) − min
j 6=i0
{vjε(x0) + k} = max
j 6=i0






vεi0(x0) − minj 6=i0




y ∈ B(x0, 2ε)
º
vεi0(y) − minj 6=i0
{vεj (y) + k} ≤ −k + 4max
i












Lαi0 (x,Dw(x)) = 0, x ∈ B(x0, ε). 7 8
¹|­¬
e1 ∈ B(0, ε)
º=Ox©¯¨gu
ϕ ∈ C2(RN )
Sgs}y©cuwc©u
vεi0 (· − e1)−ϕ(·)
c©Os+¯¨tO¯©fh|­x©|­f%yefu
xe1 ∈ B(x0, ε)
±+b#ceg?x
vεi0 (·) − ϕ(· + e1)
c©Oskh¯­tO¯fh|­x©|­f%yef u
xe1 − e1 ∈ B(x0, 2ε)
±#or|¨x©g
vε(·)




Lαi0 (xe1 − e1 + e, v
ε
i0(xe1 − e1), Dϕ(xe1 ), D
























|s"¯OswsQ|O¯+s}yeSg{}´Ts}O¯¨ytu}|¨Ox Ox 7 ©8!ºæOx© cegx©g Lαi0 (x0,Dvi0ε(x0)) ≥ 0 9{wg¯uw|­;x 7 4(-8¸ª«;¯­¯¨»s?±2
mgÏ©x©gu}ceguv»+ ª«O¯¨¯­»	|¨xesQguwsA<
X := {x ∈ RN |uh(x) = ψ(x)}; Y := {x ∈ R
N |S(h, x, uh, [uh]x) = 0}.
' ¡ Ì)(æÌ  	   	ÕÌ
  *  #21*		  "0' #	 '&%    .  #2 * %0*    #' 		   #(&   .  	





 "  . B '  
x ∈ Y
B  
%% 0" #(& % 	*)




` := mini∈J{ki/(3i− 2)}
#'
C







' ¡ ÌÌ#¸;x©sQ|tg?{æuwcegsQ»	|­uwce|¨xe sQqtsQu}gf 7 4;18ºr|³us+s}O¯¨ytuw|­;x vε = (vε1, . . . , vεM ) Ox©§fh;¯­¯¨|³ÏSuw|­;x
vε = (v1ε, . . . , vMε)
± 1gu




{uh(y) − w(y)} = sup
i∈I,y∈Y
{uh(y) − viε(y)}. 7 (4-8
1gu






















x0 ∈ arg max
y∈Y
{uh(y) − vi0ε(y) − kφ(y)}, 7 =-8
»	c©gx
i0 ∈ argminj∈I vjε(x0)
±7°·xH©{}u}|y©¯¨O{?º
mk ≥ uh(y) − vi0ε(y) − kφ(y),
ª«O{¯¨¯
y ∈ Y. 7  & 8
1gu
ε




α(x0,D(vi0ε + kφ)(x0)) ≥ −Ck.
¸Of'©|­xe|¨xe
»	|­u}c 7 o\8º 7 o 4(8!º 7 O 8¸Ox© x0 ∈ Y ºe;gu
−Ck −KCQ(vi0ε + kφ) ≤ S(h, x0, (vi0ε + kφ)(x0), vi0ε + kφ)
≤ S(h, x0, uh(x0) −mk, uh −mk)
≤ −λmk + S(h, x0, uh(x0), uh) = −λmk.
¥ gOeuw|¨x
λmk ≤ KCQ(vi0ε + kφ) + Ck.
7Osws}|­xe uw%uwceg¯¨|­fh|­u?ºe;gu



























{vεi (y) − vi(y)} + sup
y∈Y
{vi(y) − u(y)}. 7 ;(8
;kee¯¨qr|­xe 7 4 & 8º 7  ) 8ºex©Zu}cegªÕ;!u	uwc©u w(y) ≤ viε(y) ª«;{¯¨¯ i ∈ I ºe»+g;tuwO|­x
sup
y∈Y
{uh(y) − u(y)} ≤ m+ Cε+ Ck









±5jks}|­x© 7  ) 8¸Ox©¯­g?fhfh;ºt»¸g;tuwO|­x
u− uh ≤ KCQ(vi0ε) + Cε+ Ck
1/3, ∀ x ∈ Y.
b#c©g{wg?s}ye¯­u	ª«O¯¨¯­»s+rqZs}gu}u}|¨xe
ε = maxi∈J h
3ki
3i−2
xZy©s}|¨xe 7 4 ) 8!±2
	 ÈrÌ ¡ È    #21* 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# 	  &% /  . >#' * 0+   #'3		   #(&>B  $.	 





 "  .,B 
uh − u ≤ Ch
`, ∀ x ∈ RN , 7 -8
" 















uh(x) = ψ(x) ≤ u(x)
ºru}c©g{wgª«O{wg 7 (85ce;¯¨©s±<°Tª x ∈ Y º=uwcegx,=quwceg;{}g?f ©ºr»¸gc©M¾;gu}cu
uh(x)−u(x) ≤ Ch
` ±5or|¨x©g X ∪ Y = RN º=uwcegOx¯¨y©sQ|¨Ox§ª«O¯¨¯­»s?± 2

   
	          
°·xuwce|¨smsQg9!uw|­;x»+gs}ce» uwc©uk;ye{	{wg?s}ye¯³us	g¬ruwgx©,u}huwceg'?Os}gª7he{}g9;f O!us}guOª7Ox=u}{wO¯s?±
¥ g"gx©t»uwceg®sQguOª%;x;uw{};¯¨sZ»	|³uwc uwceg"e|¨sQuwOx©g


















(|σα − σαi |0 + |b
α − bαi |0 + |c
α − cαi |0 + |f






















Lαi(x,Dwδ(x));wδ(x) − ψ(x)} = 0, x ∈ R
N ,
»	c©g{wg
IM := {1, . . . ,M}
º
M
O|¨¾Ogx'=q 7 ;"4-8± ;ms|­x 7 Ä eº¯­g?fhfh 4e± 4ÆB8!ºM»+g¸?x's}ce»ºMrqOeOtu}|¨xeuwcegfhguwcetesºeu}c©u



















γ̄ º»	c©g{wg γ̄ = mini∈J{ki/(3i−2)} º
ki
O|¨¾Og?x§rq 7 o 4(8!±5¹e{wOf uwcege{}rOª1ª1©{};=sQ|­u}|¨OxCMtºr»+g?xZs}ggmu}c©u C |¨s+|¨x©tg?g?x©tgx=u	ªu}cegs}|¨¿gª
IM
±5b#c©gxH»¸gc©M¾;gu}c©u
−Chγ ≤ uh − u ≤ uh − wh,δ + wh,δ − w + w − u ≤ Ch




γ̄ = mini∈J{ki/(3i − 2)}
º
ki
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wh,δ
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|u− wδ | ≤ Cδ
2
%% " 	  02
. 	 	
  		# 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φ(x ± h) − φ(x)
h
, ∆φ(x) =















S(h, x, r, φ) :=
= sup
α
{−aα(x)∆φ(x) − bα+(x)δ+φ(x) + b
α
−(x)δ−φ(x) + c















7 o 4-8º1»+g%;tuwO|­x1ºª«{wOfu}c©g§S¾OghbMqr¯¨O{g¬t©xsQ|¨Oxº Q(φ) = |D2φ|h + |D4φ|h2 º|â± gO± k2 = 1Ox©
k4 = 2
±5b#ceg?xºerq 7 4;-8+x 7 -8ºe»+gcM¾Og
−Ch1/5 ≤ u− uh ≤ Ch
1/2. 7 (8




S : R+ × RN × R × Cb(R
N ) → R
 "   	*  	 " 
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# 0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  %   B 
ki
"   &1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(i) ki ≥ i/2,


i ≤ 4; (ii) ki ≥ (3i − 2)/5,


i ≥ 4. 7  & 8
"





# "   .,% 	*
ki ≥ (3i− 2)/5
  .*   
i > 4
" " .
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k = (k1, . . . , kN )
|­x
Z
N ºS|¨smOswsQt|uwg?Zu}ceg%;|­x=u xk ∈ RN ª<u}c©gª«O{wf xk := (k1h, . . . , kNh).1gu

































;kee¯¨qr|­xeZu}ceg tqrx©fh|e{wO;{wOfhf |e{w|­x|¨e¯­g'ª«O{ku}ceg Ox=uw{};¯­¯¨g?Fc©O|­x






















º 7  ) 8¸fMq§Sg»	{}|­uQuwgxH|­xuwcegª«O{wf 7 -8!ºe»	|­u}c























ºtu}c©g'OswsQy©f eu}|¨Ox©s 7 o\8#Ox© 7 oe-8#{wgs}u}|svÏ©g9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ki





	 ÈrÌ ¡ È     *
S
1#"#' 	 #   #010	* +   		
 	 " "
 	* 
ki, i ∈ J
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, k2 ≥ 1, k3 ≥
3
2
, k4 ≥ 2. 7 (-8
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i = 1, . . . , n
±#orgu
∆φ := |supα L
























4 , 7+& -8
»	c©g{wg
∆φ1 : = sup
α




∆φ2 : = sup
α
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k4 > 2
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|Diφ|hki , 7+& 8
»	|­u}c
mini∈J ki/i ≥ 1/2
Ox©
mini∈J ki/(3i− 2) ≥ 1/5
ºx©Hceg?{}g
J = {1, 2, 3, 4}
±æ¹©{};f 7+& 8º
7+& (8x©Á{}g?fhO{}Ã  ) º»+g§c©M¾;ghu}c©u 7 e8·´ 7 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1/5
º©s}|¨x©g
ki/(3i− 2) > 1/5
ª«O{
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‖E(y − x) − bα(x)∆th‖ ≤ ∆thr1, ‖Cov(y) − 2a
α(x)‖ ≤ ∆thr2.
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i = 1, 2
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k2 + ∆thh2k1 + ∆th
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∆φi ≤ |D
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sup
α
{− tr[aα(x)D2u(x)] + cα(x)u(x) − fα(x)} = 0, x ∈ R2, 7+& 4-8
»	|­u}c












p(x, x − he2|α) =
1
2
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−Ch1/7 ≤ u− uh ≤ Ch
1/3. 7+& (8
 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N ± gu ξ ∈ ZN x,Ox©s}|¨eg{#u}c©gÏ©xe|­u}gt|­ÎSg?{}g?x©g;g?{wu}O{


















uh(xk+ei ) − uh(xk)
h
|³ª
bαi (xk) ≥ 0,
uh(xk) − uh(xk−ei )
h
|³ª






{e1, . . . , eN}
± ¥ gæ;x©sQ|tg?{u}cegæª«O¯¨¯­»	|¨xe	e{wOe|¨¯­|­u}|¨g?s
Oª1uw{wOx©sQ|­u}|¨Ox






















pα(xk, xk + ξh|α) = ∆t
hαk,ξ
ª«O{
ξ ∈ S, ξ 6= ei,
pα(xk, y|α) = 0
ª«;{
y /∈ xk+S .b#c©gx»¸g?x»	{}|­u}g 7 O-8¸|¨x,uwcegª«O¯¨¯¨»	|­xeh»#Mq2<


















j , ∀ k ∈ Z
N .







7 o 4-8 |sup
α∈A
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−Ch1/5 ≤ u− uh ≤ Ch
1/2. 2
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(σ̄α, b̄α, c̄α, f̄α)
  





{vi(x) − v̄i(y) − g(x, y)},




A := {i ∈ I|(i, x0, y0)
%  
	  	 0
}; I(x0) := {i ∈ I|vi(x0) ≤ ψ(x0)}.
"
A ∩ I(x0) = ∅





{v̄j(y0) + k}. 7'& & 8







v̄j(y0) ≥ v̄l(y0) + k. 7'&) 8ot|­x©g




max{Lαi(x0, vi(x0), Dxg(x0), D
2
xxg(x0)); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0.
²kgx©g»¸g;tuwO|­x
vj(x0) ≤ vl(x0) + k
ºeOx©§uwcegxF»	|­u}c 7+& ) 8º










º=Ox© g?~=y©¯¨|­uvq'ce;¯¨es5|­x 7+& -8±b#c©gx v̄j(y0) = v̄l(y0)+k ±5or|¨x©g A |¨s¸Ï©xe|­u}gks}gu9ºuwce|s<e{}¾;g?s1u}c©u7u}ceg?{}g#g¬r|sQuws7kÏ©xe|­u}gs}g?~=yegxg
j1, . . . , jK ∈ A
sQy©c%u}cu
v̄ji(y0) = v̄ji+1(y0)+kª«;{








(v̄ji(y0) − v̄ji+1(y0)) = (K − 1)k > 0,
Ox©,»¸gc©M¾;ghOx=u}{Ot|!uw|­;x±<b#ceg{wgª«;{}g 7'& & 8¸ce;¯¨es?± 2ik»»+g,Ox sQuwu}g,u}cegª«O¯¨¯¨»	|­xeÂ¯­g?fhfh"SOyeuOfh©O{}|sQ;xº<g¬t|svuwgx©gOºæy©xe|¨~=yeg?xeg?sws x©)u}ceg
SOy©x©esmOxHu}c©g s}O¯¨ytu}|¨Ox
v = (v1, . . . , vM )
ª 7 9-8!±kb#ce|sm|¨sxCg9Os}q,g¬ru}gxsQ|¨OxFOª 7 ÄÙtºSu}ceg?O{wgf;'±­Æ8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φi(x, y) := sup
i,x,y
{vi(x) − vi(y) − δ|x− y|













A := {i ∈ I|(i, x0, y0)
{}g9¯¨|­¿?g?s¸u}c©gsQye












min{max(Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,
min{max(Lαi(y0, vi(y0), py, Y ); vi(y0) − min
j 6=i
{vj(y0) + k}); vi(y0) − ψ(y0)} ≥ 0,
»	c©g{wg
px = 2δ(x0 − y0) + 2εx0
º



















 ;o !  < b#ceg{wgg¬r|sQuws









vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|.
 ;o !  <5b#cegs}gu
A ∩ I(x0)
|s	gfhtuvq;±5b#cegx
max{Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0, ∀ i ∈ A. 7 ) 8
ot|­x©g
max{Lαi0 (y0, vi0 (y0), py, Y ); vi0 (y0) − minj 6=i0{vj(y0) + k}} ≥ 0
º\e©¯­qr|¨xe§¯¨gfhfC (©º
;tuwO|­x
Lαi0 (x0, vi0(x0), px, X) ≤ 0 ≤ L
αi0 (y0, vi0(y0), py, Y ).ik» »+gxe{wtgg9,;s#|­xuwcegsvux©©{Zs}|³uwy©uw|­;x 7 sQg?ghÄ­Mrºe¯¨gfhf ;'±­Æ8±¸;f'e|¨xe|¨xe;sQg9smOx©F'»+gOtu|¨xZuwceg{wg?s}ye¯³u9±
2
¶+qZysQ|¨xe 7 Ä¨Oºruwceg;{}g?f ;±¨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σ, b, c, f
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σ̄, b̄, c̄, f̄	 0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{|σα − σ̄α|0 + |b
α − b̄α|0 + |c















' ¡ ÌÌ ¥ gs}gu
m := sup
i,x,y
φi(x, y) := sup
i,x,y
{vi(x) − v̄i(y) − δ|x− y|






















A := {i ∈ I|(i, x0, y0)
{}g9¯¨|­¿?gkuwceg





min{max(Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}); vi(x0) − ψ(x0)} ≤ 0,
min{max(Lαi(y0, v̄i(y0), py, Y ); v̄i(y0) − min
j 6=i
{v̄j(y0) + k}); v̄i(y0) − ψ(y0)} ≥ 0,
»	c©g{wg
px = 2δ(x0 − y0) + 2εx0
º
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vi(x0) − v̄i(y0) ≤ ψ(x0) − ψ(y0) ≤ [ψ]1|x0 − y0|. ;mo !  <7°Tª
A ∩ I(x0) = ∅
ºru}ceg?x
max{Lαi(x0, vi(x0), px, X); vi(x0) − min
j 6=i
{vj(x0) + k}} ≤ 0, ∀ i ∈ A. 7 ) -8
ot|­x©gOº
max{Lαi0 (y0, v̄i0(y0), py, Y ); v̄i0(y0) − minj 6=i0{v̄j(y0) + k}} ≥ 0
ºee©¯­qr|¨xeh¯­g?f f (©º
»+gOtu|¨x
Lαi0 (x0, vi0(x0), px, X) ≤ 0 ≤ L̄
αi0 (y0, v̄i0(y0), py, Y ),Ox©Zu}ceg?x
0 ≤ − tr[āαi0 (y0)Y ] + tr[a
αi0 (x0)X ] − b̄
αi0 (y0)py + b
αi0 (x0)px+
c̄αi0 (y0)v̄i0(y0) − c
αi0 (x0)vi0 (x0) − f̄
αi0 (y0) + f
αi0 (x0)
=: (I) + (II) + (III) + (IV ).
;ms#|­x®Ä¨ÆTºe»+gOx©¯¨qr¿gg?;cZuwg{wf sQg?©{uwg¯¨q2<
(I) = tr[aαi0 (x0)X ] − tr[ā
αi0 (y0)Y ]
≤ 2`δ{|σαi0 (x0) − σ̄
αi0 (x0)|




2 + |σ̄αi0 (y0)|
2},
(II) = (bαi0 (x0) − b̄
αi0 (y0))(x0 − y0)
≤ 2|bαi0 (x0) − b̄
αi0 (x0)|
2 + 2|x0 − y0|
2
+|b̄αi0 (x0) − b̄
αi0 (y0)| |x0 − y0|,
(III) = c̄αi0 (y0)ū(y0) − c
αi0 (x0)u(x0)
≤ |u(x0)| |c
αi0 (x0) − c̄
αi0 (x0)| + |ū(y0)| |c̄
αi0 (x0) − c̄
αi0 (y0)|
−λm,
(IV ) = fαi0 (x0) − f̄
αi0 (y0)
≤ |fαi0 (x0) − f̄
αi0 (x0)| + |f̄
αi0 (x0) − f̄








λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20}+
+{|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄
αi0 ]1 + 2}|x0 − y0|
2+
{|v̄i0 |0[c̄
αi0 ]1 + [f̄
αi0 ]1}|x0 − y0| + Cε(1 + |x0| + |y0|).¥ gs}yef u}c©g;yex©es	;tuwO|­x©g?,|­xu}c©guv»¸;sQg9s¸u}c©M¾;g Og?xeg{¯\SOyex,Oª
m
±æorh»+g;tuwO|­x
λm ≤ 2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20}+
+{|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2δ{`[σ̄αi0 ]21 + [b̄
αi0 ]1 + 2}|x0 − y0|
2+
{|v̄i0 |0[c̄
αi0 ]1 + [f̄





αi0 ]21 + 2[b̄
αi0 ]1 + 4}
º
k2 := {|v̄i0 |0[c̄
αi0 ]1 + [f̄
αi0 ]1 + λ[ψ]1}
±<¹©{};f xe» ;x
»+ge{}tgg?ZOs+|­x 7 Ä¨Oºruwceg;{}g?f ;'±­Æ8±5iOu}|¨xe'uwc©u 2φ(x0, y0) ≥ φ(x0, x0) + φ(y0, y0) ºt»¸gc©M¾;g
|x0 − y0| ≤ Cδ













λm ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20} + C(k1 + k2)δ




vi0 (x) − v̄i0(x) − 2ε|x|
2 ≤ m
ºex©Hs}
vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
+2`δ{|σαi0 − σ̄αi0 |20 + |b
αi0 − b̄αi0 |20} + C(k1 + k2)δ
















vi0(x) − v̄i0(x) ≤ {|vi0 |0|c̄
αi0 − cαi0 |0 + |f
αi0 − f̄αi0 |0}+
C{|σαi0 − σ̄αi0 |20 + |b
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